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Physically Interpretable Force Constants Based on Spherical Tensor Expansion:
Efficient Parameter Reduction for Low-Symmetry Systems
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Calculating interatomic force constants in disordered systems is computationally challenging due to numerous in-
dependent parameters. We propose an efficient parameter reduction methodology by transforming force constants into
physically interpretable descriptors based on spherical tensor expansion. This method reveals that antisymmetric com-
ponents, representing local rotational forces, are much smaller than other factors. By truncating these parameters in
amorphous Si3N4, we reduce the number of independent fitting parameters by one-third while maintaining model accu-
racy. The hold-out method confirms that this physically grounded approximation accelerates training convergence while
preserving the prediction accuracy of restoring forces.

Interatomic force constants (IFCs) constitute the funda-
mental parameters describing the potential energy surface,
phase equilibria, lattice dynamics, and thermal properties of
materials.1–7) Calculating IFCs typically involves determining
a vast number of independent parameters from first-principles
calculations.8–10) To make this computationally controllable,
reducing the number of independent parameters is a critical
and necessary step. Traditionally, this reduction heavily re-
lies on two primary strategies: (1) defining a spatial cutoff ra-
dius beyond which interactions are deemed negligible, and (2)
strictly exploiting the spatial symmetry of the crystal lattice to
constrain and equate dependent elements of IFCs.11–13) While
these conventional approaches are highly successful for per-
fect periodic crystals,14–22) the latter encounters severe limita-
tions when applied to disordered systems, such as amorphous
materials or crystal structures containing point defects.23–26)

In such non-symmetric environments, the lack of spatial sym-
metry renders the second strategy entirely ineffective.27) Con-
sequently, the number of independent parameters scales dras-
tically, making calculations highly susceptible to numerical
noise or the overfitting of IFCs.28, 29)

To overcome this bottleneck, an alternative approximation
strategy is required: instead of relying on exact geometric
symmetry, one must systematically neglect specific compo-
nents of the interaction that have minimal physical impact
on the overall dynamics. However, implementing such an ap-
proximation is extremely difficult with the standard Carte-
sian representation of IFCs, as the individual matrix elements
strictly depend on the choice of the coordinate system and
obscure intuitive physical meanings. To safely and effectively
truncate negligible effects, it is essential to establish a force
constant calculation method grounded in physical intuition.

Here, we propose a methodology to transform matrices
of IFCs into physically interpretable parameters by setting
the relative vector of each atomic pair as the local axis and
expanding the interactions into a spherical tensor basis. By
regarding these parameters as fitting parameters in the cal-
culation of IFCs, this method can identify physically mi-
nor interactions. Thereby, we aim to perform IFCs calcula-
tions in amorphous and defective materials more effectively.

*Corresponding author. gohda@mct.isct.ac.jp

To demonstrate the validity and efficiency of the proposed
methodology, we systematically investigate both crystalline
and amorphous phases of silicon nitride (Si3N4).30–33) Our
strategy is to first establish a physical baseline using perfect
crystals. These amorphous materials often possess hidden lo-
cal order and distinct nearest-neighbor networks similar to
the perfect crystal.34) Because directly identifying physically
small interaction components in a disordered material is dif-
ficult, analyzing the components of IFCs in a stable, well-
ordered environment with the proposed method allows us to
identify minor interactions. This insight can provide the phys-
ical justification required to systematically truncate parame-
ters in the complex amorphous system.

The total potential energy U of a crystal system can be
expanded in terms of atomic displacements u(lκ) from their
equilibrium positions. In the harmonic approximation, this ex-
pansion is given by:

U ≈ U0 +
1
2

∑
lκ,l′κ′

∑
αβ

Φαβ(lκ, l′κ′)uα(lκ)uβ(l′κ′), (1)

where U0 represents the potential energy of the equilibrium
structure, l and κ denote the unit cell index and the atom index
within the cell, respectively, and α, β represent the Cartesian
indices (x, y, z). The coefficients Φαβ(lκ, l′κ′) are the second-
order IFCs, defined as the second partial derivatives of the
potential energy:

Φαβ(lκ, l′κ′) =
∂2U

∂uα(lκ)∂uβ(l′κ′)
. (2)

For a specific atomic pair consisting of atom κ in cell l and
atom κ′ in cell l′, we consider the 3×3 IFCs’ matrixΦ(lκ, l′κ′).
Let R be the relative position vector pointing from lκ to l′κ′.
We define a local coordinate system where the z-axis aligns
with R. The IFCs’ matrix in the global Cartesian frame,Φ, is
transformed into the local frame Φ(loc) via a rotation matrix
Q ∈ SO(3) such that QR = (0, 0, |R|)T:

Φ(loc) = QTΦQ. (3)

It should be noted that the choice of the rotation matrix Q is
not uniquely determined by this condition. There remains an
arbitrary degree of freedom corresponding to a spatial rotation
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about the newly defined z-axis, which is aligned with the rela-
tive vector R. Consequently, any rotation matrix Q satisfying
this alignment condition can be chosen arbitrarily. This trans-
formation allows us to treat the interactions in a unified local
coordinate system, independent of the direction of the atomic
pair in the global frame. This Φ(loc) is then expanded using a
real spherical tensor basis A(l)

m , indexed by l (l = 0, 1, 2) and
m (−l ≤ m ≤ l):35)

Φ(loc) =

2∑
l=0

l∑
m=−l

a(l)
m A(l)

m . (4)

The expansion coefficients a(l)
m are mathematically determined

by projecting the local IFCs’matrix onto the basis matrices.
The explicit forms of the basis matrices A(l)

m are defined as
follows:
l = 0 :

A(0)
0 =

1
√

3

1 0 0
0 1 0
0 0 1

 . (5)

l = 1 :

A(1)
0 =

1
√

2

0 −1 0
1 0 0
0 0 0

 ,
A(1)

1 =
1
√

2

0 0 −1
0 0 0
1 0 0

 , A(1)
−1 =

1
√

2

0 0 0
0 0 1
0 −1 0

 . (6)

l = 2 :

A(2)
0 =

1
√

6

−1 0 0
0 −1 0
0 0 2

 ,
A(2)

1 =
1
√

2

0 0 1
0 0 0
1 0 0

 , A(2)
−1 =

1
√

2

0 0 0
0 0 1
0 1 0

 ,
A(2)

2 =
1
√

2

1 0 0
0 −1 0
0 0 0

 , A(2)
−2 =

1
√

2

0 1 0
1 0 0
0 0 0

 . (7)

The basis matrices A(l)
m form an orthonormal set under the

Frobenius inner product defined by ⟨A, B⟩ = Tr(ATB). This
orthonormality is expressed as

⟨A(l)
m , A

(l′)
m′ ⟩ = Tr

[
(A(l)

m )T A(l′)
m′
]
= δmm′δll′ , (8)

where δi j is the Kronecker delta. Thanks to this property, the
expansion coefficients a(l)

m are uniquely determined by project-
ing the local IFCs’ matrix onto the basis matrices:

a(l)
m = Tr

[
(A(l)

m )TΦ(loc)
]
. (9)

The physical interpretation of each coefficient is summarized
below. Because a(1)

±1, a
(2)
±1, and a(2)

±2 terms are subject to rota-
tional arbitrariness, we evaluate their norms here.

a(0)
0 : Generates an isotropic restoring force opposing the dis-

placement, regardless of its direction. A more negative
value indicates a stiffer isotropic spring.

a(1)
0 : Generates a force inducing rotation around the relative

vector axis.

a(2)
0 : Generates restoring forces with distinct values for dis-

placements along the relative vector and those perpen-
dicular to it. A more negative value signifies a stiffer con-
nection along the direction of the atomic pair.√(

a(1)
−1

)2
+
(
a(1)

1

)2
: Generates a force inducing rotation

around axes perpendicular to the relative vector.√(
a(2)
−1

)2
+
(
a(2)

1

)2
: Generates a shear force perpendicular to

the relative vector in response to a longitudinal displace-
ment.√(

a(2)
−2

)2
+
(
a(2)

2

)2
: Generates an anisotropic force in the

plane perpendicular to the relative vector.

Finally, we describe the procedure to determine the IFCs.
We treat the expansion coefficients {a(l)

m } as independent pa-
rameters to be optimized via the finite displacement method.
Using the force–displacement relation in the harmonic ap-
proximation

Fα(lκ) ≈ −
∑
l′κ′

∑
β

Φαβ(lκ, l′κ′)uβ(l′κ′), (10)

and applying the inverse transformation of the spherical ten-
sor expansion, the independent parameters a(l)

m are determined
by minimizing the residual between the forces calculated by
density functional theory (DFT)36, 37) and the model forces us-
ing the least-squares method.

We performed first-principles calculations based on DFT
within the projector augmented-wave method38) as built into
the VASP code.39, 40) The exchange-correlation functional
was treated within the generalized gradient approximation by
Perdew, Burke and Ernzerhof.41) A plane-wave cutoff energy
of 520 eV was used throughout all structural relaxations and
force calculations. For the crystalline reference, a 224-atom
supercell of the stable β-Si3N4 phase was prepared. The amor-
phous Si3N4 model was generated via a melt-quench proce-
dure using ab initio molecular dynamics.34, 42) A cubic super-
cell containing 112 atoms (48 Si and 64 N) was initialized
with random atomic positions and a fixed lattice constant of
10.745 Å to match the macroscopic density of 3.0 g/cm3. The
molecular dynamics simulation was carried out solely at the
Γ point. The system was first melted at 5000 K for 15 ps,
followed by rapid quenching to 300 K at a cooling rate of
50 K/ps. Subsequently, the internal atomic coordinates were
fully relaxed at the fixed cell volume, employing a 3×3×3 k-
point mesh and a force convergence criterion of 0.005 eV/Å.
To evaluate the interatomic force constants, 150 distinct dis-
placed configurations were generated for each phase by ap-
plying small random atomic displacements of 0.01 Å to the
fully relaxed supercells. The restoring forces acting on the
atoms were calculated via DFT using a 3 × 3 × 3 k-point
mesh and a strict electronic energy convergence criterion of
10−6 eV.

We first analyzed the IFCs’ expansion coefficients of the
crystalline β-Si3N4. A quantitative analysis of these expan-
sion coefficients reveals that the antisymmetric components
l = 1 in Figs. 1(b) and (c) are distributed within a narrower
range compared to the l = 0 components in Fig. 1(a) and
l = 2 components in Figs. 1(d)–(f). For instance, in the strong
nearest-neighbor Si–N interactions, the value of the isotropic
restoring forces a(0)

0 reaches −12.6 eV/Å2, and the anisotropic
component a(2)

0 reaches −9.7 eV/Å2. In contrast, the a(1)
m terms
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Fig. 1. (Color online) Spherical tensor expansion coefficients of the IFCs
for the crystalline β-Si3N4 reference. The horizontal axis represents the inter-
atomic distance, and the vertical axis represents the value of the coefficients.
The data points are distinguished by color and marker shape according to
the atomic pairs (circles for Si–Si, triangles for Si–N, and squares for N–N).

The panels correspond to: (a) a(0)
0 , (b) a(1)

0 , (c)
√(

a(1)
−1

)2
+
(
a(1)

1

)2
, (d) a(2)

0 , (e)√(
a(2)
−1

)2
+
(
a(2)

1

)2
, and (f)

√(
a(2)
−2

)2
+
(
a(2)

2

)2
.

exhibit a narrow distribution, remaining around 0.2 eV/Å2

for nearest neighbors and bounded below 1.8 eV/Å2 overall,
whereas the a(0)

m and a(2)
m terms span much broader ranges. The

observed smallness of the l = 1 components is not acciden-
tal but is fundamentally rooted in the symmetry of interatomic
interactions. The l = 1 components, representing the antisym-
metric part of the force constant matrix, strictly vanish for any
pure two-body potential depending only on the interatomic
distance. In real materials, these terms emerge only as multi-
body effects and consistently remain smaller than the other
forces derived from l = 0 and l = 2 components that gov-
ern primary stretching and bending. Leveraging this physical
insight, we introduce an approximation to systematically ne-
glect these l = 1 components. This simplification effectively
reduces the number of independent parameters for the IFCs
in complex amorphous systems without losing the essential
physical characteristics of the underlying interatomic interac-
tions.

Before applying this approximation to the amorphous
phase, we verified that the local atom environment remains
structurally comparable to that of the crystalline phase. Figure
2 compares the radial distribution functions (RDF) of the Si–
N atomic pairs for both the crystalline and amorphous Si3N4
models. The first nearest-neighbor peak in the amorphous
phase remains as sharp as in the crystal, centered around
1.75 Å. This indicates that the interactions in the amorphous
phase exhibit similar tendencies to those in the crystal. Con-
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Fig. 2. (Color online) RDF of the Si–N atomic pairs for the crystalline
β-Si3N4 (dashed line) and amorphous Si3N4 (solid line) structures.

sequently, we can infer that the overall structure of the IFCs
is broadly analogous between the two phases, suggesting that
the contribution of the l = 1 antisymmetric components re-
mains small in the amorphous system as well.

Motivated by this physical justification, we applied the pa-
rameter reduction scheme to the amorphous Si3N4 system.
In an amorphous supercell consisting of Natom atoms, the ab-
sence of point group symmetry inherently leads to a massive
number of independent parameters. In such disordered struc-
tures, handling all these variables is computationally demand-
ing. By introducing a spatial cutoff radius of 4.0 Å for our su-
percell with Natom = 112, the number of independent parame-
ters for IFCs, M, is 11187. Since each displaced configuration
provides 3Natom equations, more than M/3Natom independent
structures are theoretically required to determine the IFCs. By
systematically neglecting the l = 1 components as mentioned
previously, the number of fitting parameters further decreases
by one-third to 7458. To quantitatively evaluate the validity
and convergence of this approximation, we performed a val-
idation analysis using 150 finite-displacement structures. For
this evaluation, we adopted a hold-out method with a 1 : 14
split ratio; 10 structures were fixed as the test set, while the
remaining 140 structures were utilized for training. Since the
atomic displacements in these structures are generated ran-
domly, this hold-out set is expected to be sufficiently repre-
sentative of the configuration space. We define the prediction
error (validation error) as the root-mean-square error (RMSE)
between the predicted forces and the true forces obtained from
DFT:

RMSE =

√√√
1

3LtestNatom

Ltest∑
s=1

Natom∑
n=1

∥∥∥∥Fpred
s,n − Ftrue

s,n

∥∥∥∥2, (11)

where Ltest is the number of test structures, and Ftrue
s,n repre-

sents the DFT-calculated force vector acting on atom n in the
s-th test structure. The corresponding predicted forces Fpred

s,n
are directly computed from the fitted IFCs and the applied
atomic displacements.

As shown in Fig. 3, the full model requires a minimum of
35 structures to initiate fitting, starting with a high validation
error of 0.223 eV/Å and converging to 0.024 eV/Å at 140
structures. By contrast, the reduced model (a(1)

m = 0) begins
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Fig. 3. (Color online) Validation error (RMSE) as a function of the num-
ber of training structures for the amorphous Si3N4 model. The circles repre-
sent the full model, while the squares represent the physically reduced model
where the antisymmetric terms are truncated (a(1)

m = 0).

fitting with only 25 structures due to the smaller number of
parameters. Remarkably, it exhibits faster convergence, drop-
ping to a validation error of 0.052 eV/Å with just 30 struc-
tures, and achieves a comparable accuracy of 0.025 eV/Å at
140 structures. The ultimate prediction errors of both mod-
els are nearly identical, confirming that the l = 1 compo-
nents have little effect on the forces in the amorphous system.
By systematically reducing the number of unknown parame-
ters, the minimum required number of independent DFT cal-
culations to initiate the fitting is effectively lowered. There-
fore, this approximation method provides a highly efficient
approach for calculating IFCs without compromising the fun-
damental dynamics of low-symmetry systems.

In summary, we developed a physics-driven parameter re-
duction methodology for IFCs using spherical tensor expan-
sion. By revealing that the antisymmetric components (l = 1),
which induce local rotation via multi-body effects, are inher-
ently minor, we systematically truncated them in amorphous
Si3N4. This reduced the fitting parameters by 1/3 and acceler-
ated training convergence without compromising the predic-
tive accuracy of restoring forces.

Looking ahead, we consider that our framework is highly
compatible with data-driven parameter reduction strategies,
such as sparse regression, which are widely utilized for IFCs
calculations.20, 43) While standard sparse regression typically
imposes a uniform penalty across all IFCs, our methodology
enables more sophisticated modeling techniques by employ-
ing physically interpretable parameters for the fitting process.
By assigning distinct penalties or informative priors to differ-
ent groups of parameters based on their physical origins, we
anticipate realizing highly efficient IFC fitting that integrates
physics-driven and data-driven approaches.

Finally, our framework is extendable to higher-order an-
harmonic IFCs, as any n-th order IFC can be expanded us-
ing spherical tensor bases A(n)

m composed of 3n elements.
While higher-order IFCs introduce greater geometrical com-
plexity, establishing appropriate local coordinate conventions
for atom clusters would ensure the physical interpretability
of the expansion coefficients. Leveraging this interpretability
would effectively deal with the parameter explosion in higher-
order IFCs. We expect that this physics-driven method will

offer an efficient pathway for exploring anharmonic lattice dy-
namics.
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