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We present a compact physics-guided machine-learning framework for predicting and interpret-
ing the magnetocrystalline anisotropy (MCA) energy of tetragonally strained Fe-based alloys. Using
density functional theory (DFT) with spin–orbit coupling (SOC), we generated ∼ 103 strained struc-
tures spanning broad ranges of volume V and tetragonality c/a. The core model is a ridge regressor
built on symmetry-aware atom-pair statistics, where species-resolved pair distances, orientations,
and counts are organized into channels. Trained on 2×2×2 Fe–Si supercells at four Si concentra-
tions, the model reproduces the main DFT trends and is further assessed on a held-out 3×3×3
Fe0.889Si0.111 supercell as a direct size/composition generalization check. The learned anisotropy
coefficient functions quantify channel-resolved contributions as a function of pair distance, enabling
distance- and orientation-resolved interpretation of strain-dependent MCA within a pair-additive
surrogate. A random-forest baseline using only global descriptors (V, c/a) highlights the advantage
of local pair statistics for resolving chemical and geometrical effects. Extension to ordered Fe–X
(X = Ge, Ga, Al) illustrates how equilibrium-volume changes correlate with MCA trends, with the
averaged exchange splitting serving as a useful intermediate quantity.
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1. Introduction

Magnetostriction — the spontaneous change in shape
or length of a magnetic material upon rotation of its mag-
netization — is a direct consequence of spin–lattice cou-
pling mediated by the spin–orbit coupling (SOC) [1, 2].
Its magnitude, measured as the strain, spans a striking
range of 10−8–10−3, depending on chemistry and symme-
try [3]. A large response is desired for sensors, actuators,
energy harvesters, and spintronic devices [3–7], whereas
transformer cores (electric steels) require negligible mag-
netostriction to suppress acoustic noise and power loss,
which is achieved near 6.5 mass% (∼ 13 at.%) Si in Fe–Si
alloys, where theoretical and experimental studies consis-
tently report negligible magnetostriction [8–11]. Magne-
tostriction depends on both elastic properties and mag-
netoelastic coupling [2, 12]. Because magnetoelastic cou-
pling is directly governed by the SOC, it is more complex
and is intimately linked to the strain dependence of the
magnetocrystalline anisotropy (MCA) energy EMCA—
the energy difference between different magnetization di-
rections. Understanding how EMCA responds to strain is
essential for designing magnetostrictive materials.

For cubic crystal systems, a prototypical strain mode
relevant to magnetostriction is the tetragonal strain. To
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evaluate the magnetostriction along the ⟨001⟩ direction
at saturation magnetization, the coefficient λ001 ≡ ∆z/z
is commonly employed. This is typically implemented
under a constant-volume condition: applying fractional
strain εz along the z axis while preserving the total
volume V . The coefficient λ001 is then obtained from
the εz dependence of both the total energy Etotal and
EMCA [2, 5, 13]:

λ001 =
2dEMCA/dεz
3 d2Etotal/dε2z

= − bme

3C ′ , (1)

where EMCA = E([100]) − E([001]) (a convention
often used for tetragonal magnetostriction); the nu-
merator and denominator correspond, respectively,
to the magnetoelastic coupling coefficient bme =
(−2/3)V −1 dEMCA/dεz and the tetragonal shear mod-
ulus C ′ = (1/3)V −1 d2Etotal/dε

2
z. This study focuses on

the numerator term of (1), which captures the strain-
induced variation in EMCA.
In practice, within density functional theory (DFT),

EMCA can be evaluated either (i) by treating the SOC
term as a perturbation and evaluating the second-order
energy correction, or (ii) by adding the SOC term directly
to the Kohn–Sham equations and performing DFT cal-
culations for different magnetization orientations. The
perturbative expression naturally decomposes EMCA into
four spin-resolved channels: two spin-conserving (↑↑, ↓↓)
and two spin-flip (↑↓, ↓↑). Within the second-order SOC
perturbative framework, the ↓↓ contribution corresponds
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to the Bruno term, which is linked to orbital-moment
anisotropy [14], whereas, under certain approximations,
the ↑↓ channel yields the van der Laan term, associated
with the spin-density quadrupole [15, 16] (details in Ap-
pendix A).

In several representative Fe-based binary alloys, first-
principles studies have revealed several prototypical be-
haviors. In Fe100−xGax (Galfenol), λ001 grows rapidly up
to x∼17–20%, drops sharply near x∼19–25%, and can
be resurrected by suitable short/medium-range ordering
or targeted ternary doping [4, 5, 17–19]. In Fe1−xGex,
λ001 turns negative beyond x∼14% as D03 order devel-
ops and eg holes emerge above the Fermi level [18]. In
Fe1−xSix, experimental and theoretical studies indicate
that λ001 follows a broadly decreasing trajectory as x in-
creases, tending to vanish around x ≈ 0.10–0.13, though
local non-monotonic features with small upturns are ob-
served near certain concentrations [8–11]. In particular,
for Fe0.889Si0.111, a DFT study reported that the excep-
tional near-zero magnetostriction arises from the mutual
cancellation of sizable contributions from multiple types
of neighboring atoms extending up to the 10th nearest
neighbors, none of which individually dominate the over-
all response [8]. In parallel, first-principles studies on
platforms beyond bulk Fe-based binaries have broadened
the landscape of anisotropy engineering. These works
have elucidated strain-driven anisotropy in Heusler sys-
tems [20], domain-controlled anisotropy in multiferroic
heterostructures where ferroelectric patterns modulate
magnetic anisotropy [21], and interfacial magnetoelectric
coupling at Fe3Si/BaTiO3 (001) and Fe/BaTiO3 (001)
interfaces [22, 23]. Related efforts have also addressed
strain effects on anisotropy in rare-earth magnets [24],
while more broadly, surface and interface magnetism rel-
evant to anisotropy control has been explored [25].

Most DFT studies investigate a few hand-picked phase
prototypes for each alloy separately and analyze the
EMCA–strain relation on a case-by-case basis. This strat-
egy provides useful interpolation within a fixed system,
but does not always reliably yield generally transfer-
able rules across compositions, which limits its utility for
prospective material design. Thus, beyond conventional
DFT calculations, one solution has been to employ ma-
chine learning (ML) models to learn shared behaviors
across material families.

Early frameworks such as the Behler–Parrinello neu-
ral network demonstrated that descriptor-based models
fitted to DFT data can reproduce interatomic forces and
energies with near-first-principles accuracy [26]. More re-
cently, a DFT-informed artificial neural network (ANN)
potential for body-centered cubic (bcc) iron has shown
excellent accuracy in property predictions while retaining
high computational efficiency [27]. In parallel, graph neu-
ral networks (GNNs) have become prominent by learn-
ing structure–property relationships directly from atomic
graphs, with nodes representing atoms and edges en-
coding interatomic distances. Examples include SchNet
and the Crystal Graph Convolutional Neural Network

(CGCNN), which have successfully predicted various ma-
terial properties using DFT databases [28, 29]. Building
on these ideas, the Atomistic Line Graph Neural Network
(ALIGNN) further incorporates bond-angle correlations
through a line-graph architecture, highlighting the im-
portance of angular information to improve model accu-
racy [30]. However, few of these ML models have yet
been applied to predict the MCA energy, mainly because
existing databases contain very limited DFT data with
the SOC.
More recently, several DFT–ML studies have incorpo-

rated the SOC to enable direct predictions of EMCA in
selected systems [31, 32]. These efforts employed multi-
ple data samples across different compositions or configu-
rations; however, each composition or configuration was
typically represented by a single equilibrium geometry,
without systematically exploring how the MCA responds
under strain. Recent perspective analyses have empha-
sized that intrinsic magnetic performance is governed by
electronic-structure descriptors such as exchange split-
ting, orbital anisotropy near the Fermi level, and spin–
orbit-coupling-active states, while descriptor design re-
mains a key bottleneck in machine-learning-guided mag-
net discovery [33]. More broadly, what remains limited
is a compact and interpretable framework that connects
atomic composition/geometry to strain-dependent MCA,
while providing a transparent basis for assessing general-
ization beyond the systems used for training.
In this work, we propose a compact DFT–ML frame-

work centered on symmetry-aware atom-pair statistics to
analyze the strain dependence of EMCA in bulk Fe-based
alloys. The pair-based formulation provides length- and
orientation-resolved attributions of magnetoelastic cou-
pling. We emphasize that the pair-additive model is used
as an interpretable surrogate: the pair-based descriptor
and the associated framework are formally extensible and
therefore have potential applicability to other systems,
although predictive accuracy outside the present valida-
tion scope must still be established case by case.
This paper is organized as follows. Section 2 describes

the DFT workflow, strain protocol, the construction of
local and global descriptors, and the models used in this
work. Section 3 presents the main numerical results and
key discussions. Section 4 concludes with the main find-
ings.

2. Computational details

2.1. DFT calculation

Eight Fe-rich ordered bcc-derived systems were consid-
ered. For Fe–Si alloys, we sampled 6.25, 12.5, 18.75, and
25 at.% Si with 2×2×2 supercells, and 11.1 at.% Si with
a 3×3×3 supercell [Fig. 1]. In addition, three compounds
at 25 at.% — Fe0.75Ge0.25, Fe0.75Al0.25, and Fe0.75Ga0.25
— were included. For each of the seven 2 × 2 × 2 com-
positions, approximately 200 strained states were gener-
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Blue: Fe (sublattice 1) 

Fe0.9375X0.0625

Red: Fe (sublattice 2) 
Black: Si

Fe0.889X0.111 Fe0.875X0.125 Fe0.8125X0.1875 Fe0.75X0.25

Fig. 1. Supercells derived from the bcc lattice employed in this study. The Si series includes Fe0.9375Si0.0625, Fe0.889Si0.111,
Fe0.875Si0.125, Fe0.8125Si0.1875, and Fe0.75Si0.25 (D03–Fe3Si). For comparison across congeners, three additional D03 compounds
Fe0.75Ge0.25, Fe0.75Al0.25, and Fe0.75Ga0.25 were also investigated.

ated by varying the cell volume V and the tetragonal
distortion represented by c/a. Specifically, V was ran-
domly sampled in the range of [18, 28] Å3 (per 1×1×1
bcc unit), while c/a was randomly varied in the range
[0.92, 1.08]. For the larger 3×3×3 Fe0.889Si0.111 cell, 50
strained states were sampled within the same (V, c/a)
range.

The 25 at.% compositions we consider correspond to
the D03 compound, a stable ordered phase reported in
multiple Fe-based binary systems [34–40]. Intermediate
Fe1−xSix compositions (6.25–18.75 at.%) were modeled
by ordered supercells rather than random A2 solid solu-
tions; these configurations preserve the cubic symmetry
and are stable under tetragonal strain. This choice is
practically feasible and aims to simulate mixed phases,
reflecting both computational tractability and physical
realism: The different ordered phases A2/B2/D03 may
coexist rather than perfect randomness [41–44], and sim-
ilar ordered configuration strategies have been adopted
in DFT studies of Fe–Si, Fe–Ge, Fe–Be to capture mag-
netoelastic trends [8, 18, 45].

DFT calculations were performed using the Vi-
enna Ab initio Simulation Package (VASP) [46,
47], which implements the projector augmented-wave
(PAW) method [48]. Exchange–correlation effects were
treated within the generalized gradient approximation
(GGA) using the Perdew–Burke–Ernzerhof (PBE) func-
tional [49–51]. The plane-wave cutoff energy was set
to 350 eV. Brillouin-zone integrations used Monkhorst–
Pack meshes [52] of 15 × 15 × 15 for 2 × 2 × 2 bcc
cells and 9 × 9 × 9 for 3 × 3 × 3 bcc cells. The
SOC was included in the evaluation of EMCA. The self-
consistent field (SCF) tolerance was 10−8 eV. To iso-
late the imposed (V, c/a) dependence, all calculations
were performed in a one-shot manner at the prescribed
(V, c/a) conditions without relaxations. Additional
fixed-cell internal-relaxation checks indicate no changes
for the Fe0.875X0.125 and Fe0.75X0.25 compositions exam-
ined here as their atomic arrangements are more strongly
constrained by symmetry, and only slight changes for
Fe0.9375Si0.0625, Fe0.8125Si0.1875 and Fe0.889X0.111, with
the internal-coordinate changes showing no pronounced
dependence on tetragonal strain and with shifts in EMCA

that fall within the DFT numerical-accuracy range and
are therefore not consequential for assessing the overall
strain-dependent trend.
As noted earlier, two alternative approaches are com-

monly employed to evaluate EMCA [53, 54]. (i) The first
approach is based on second-order perturbation theory,
where the SOC is treated as a perturbation on the un-
perturbed eigenstates obtained from non-SOC calcula-
tion (with spin aligned along a quantization axis). The

second-order correction E
(2)
SOC to the energy is evaluated

for magnetization along [001] and [100], and their dif-

ference gives E
(2)
MCA. This perturbative formulation fur-

ther enables decomposition into spin-conserving (↑↑, ↓↓)
and spin-flip (↑↓, ↓↑) contributions [14–16]. Implemen-
tation details are provided in Appendix A; (ii) The sec-
ond approach is a direct SOC-included DFT calculation,
where spin–orbit coupling is explicitly incorporated into
the Kohn–Sham Hamiltonian [53–55]. The total energies
E([001]) and E([100]) are then evaluated from the result-
ing Kohn–Sham wavefunctions. In practice, EMCA can
be computed using a frozen-density protocol, in which a
self-consistent non-SOC calculation is first performed to
converge the charge density, and non-self-consistent SOC
calculations for different magnetization orientations are
then carried out using the fixed density and potential;
the magnetocrystalline anisotropy energy is finally eval-
uated as EMCA = E([100]) − E([001]). In the present
work, EMCA is evaluated from direct total-energy dif-
ferences within DFT including the SOC (approach (ii)),
while the corresponding perturbative decomposition and
the definitions of V and B are given in Appendix A and
used as additional learning targets.

2.2. The statistical descriptors for local features of
atom pairs: Physics-guided pair-based ridge

regression

We focus on bulk Fe–Si alloys to construct an in-
terpretable surrogate for predicting an anisotropic tar-
get Yani from geometric descriptors of atomic struc-
tures, characterized by the counts, lengths, and ori-
entations of atom pairs. The training set consists of
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Fig. 2. Tetragonally strained bcc structure and the atom pairs
with different orientations.

DFT data from 2×2×2 bcc supercells at four concentra-
tions Fe0.9375Si0.0625, Fe0.875Si0.125, Fe0.8125Si0.1875, and
Fe0.75Si0.25 [Fig. 1]. To examine generalization across dif-
ferent cell sizes and atomic configurations, we also tested
the model on an unseen data set for Fe0.889Si0.111, rep-
resented by a larger 3×3×3 cell. The ML framework for
these atom-pair-based (pair-based) statistical descriptors
is summarized as follows.

For each structure, neighboring atoms were identified
using a uniform cutoff of 4.5 Å, excluding self-pairs.
Each pair was labeled as (p, q,T), where p and q index
atoms within the unit cell and T is a lattice transla-
tion vector accounting for periodic boundary conditions
(PBC). To avoid double counting, only triplets satisfying
p < q were retained. For each valid pair, the bond vec-
tor rpq = Rq + T − Rp was used to compute the bond
length d = |rpq| and its acute angles (θx, θy, θz) with re-
spect to the Cartesian axes. In the bcc structures consid-
ered here, accessible pairs include first-nearest neighbors
(1NN) along [111] directions, second-nearest neighbors
(2NN) along [100]/[010]/[001], and third-nearest neigh-
bors (3NN) along [110]/[101]/[011]. Each unique Fe–Fe
or Fe–Si pair was assigned to a class according to the
angular and distance thresholds listed in Table 1. We
stored (d, sin θx, sin θz) for each accepted pair. Note that
pairs exactly along [010] do not contribute to Yani be-
cause sin2 θx − sin2 θz = 0. In addition, Si–Si pairs are
excluded from the descriptor set because Si carries negli-
gible local moment in these Fe-rich alloys and is therefore
expected to contribute weakly to the anisotropy targets
considered here (see Fig. 2).

By construction, an “orientation class” aggregates di-
rections that differ only by sign inversions of their Miller
indices (e.g., [101] and [101̄]), while keeping the index
order fixed. This reflects the physical equivalence un-
der tetragonal symmetry, but does not merge directions
related by cyclic index permutations such as [110] and
[011], since their sin θx and sin θz differ. This conven-
tion is consistent with the angular thresholds in Table 1.
The small angular tolerances in Table 1 are considered
to accommodate slight anisotropic strains and modest

Table 1. Orientation classes and thresholds used for classifi-
cation of tetragonal systems. The rightmost column lists the
total number of unique geometric pairs per class in a generic
n×n×n bcc cell.

Class Angular condition d cutoff (Å) Count

111 all θx,y,z satisfy |θ − 54.7◦| < 4◦ < 3.0 8n3

100 |θx| < 4◦, |θz − 90◦| < 4◦ < 3.5 2n3

001 |θz| < 4◦, |θx − 90◦| < 4◦ < 3.5 2n3

010 |θy| < 4◦, |θx,z − 90◦| < 4◦ < 3.5 2n3

110 |θx − 45◦| < 4◦, |θy − 45◦| < 4◦ < 4.5 4n3

101 |θx − 45◦| < 4◦, |θz − 45◦| < 4◦ < 4.5 4n3

011 |θy − 45◦| < 4◦, |θz − 45◦| < 4◦ < 4.5 4n3

Table 2. Counts of accepted atom pairs per cell in the four
merged orientation groups, obtained from the mode of the
counts in the dataset (PBC-canonicalized). Entries are “Fe–
Fe/Fe–Si”. Si–Si pairs are not included in this table.

Composition 111 100/001/010 110/101/011

Fe0.9375Si0.0625 (2 × 2 × 2) 56/8 42/6 84/12
Fe0.875Si0.125 (2 × 2 × 2) 48/16 36/12 72/24
Fe0.8125Si0.1875 (2 × 2 × 2) 40/24 30/18 72/12
Fe0.75Si0.25 (2 × 2 × 2) 32/32 24/24 72/0
Fe0.889Si0.111 (3 × 3 × 3) 168/48 129/30 264/48

atomic displacements without reclassifying pairs, thereby
improving robustness. To represent each type of uniax-
ial pair subject to the same global crystal field but ori-
ented along different local symmetry axes, six pair chan-
nels (labeled by t) are defined: Fe–Fe111 and Fe–Si111
(uniaxial pairs embedded in a C3-symmetric environment
about the pair axis); Fe–Fe100/001 and Fe–Si100/001 (in
a C4-symmetric environment); Fe–Fe110/101/011 and Fe–
Si110/101/011 (in a C2-symmetric environment).
Following an anisotropic expansion form [2], the lead-

ing contribution of pair i to an anisotropic target Yani (de-
fined as a difference between magnetization along [100]
and [001]) can be expressed as

Yi ≈ K
(t)
Y (di)

[
sin2 θx,i − sin2 θz,i

]
, (2)

where t is the index of the pair channel and K
(t)
Y (d) is

the target-specific anisotropy coefficient for atom pairs in
channel t, which absorbs information about pair species
and the strain-dependent pair length d. Here, θx,i (θz,i) is
the angle between the bond vector of pair i and the Carte-
sian x (z) axis. The factor sin2 θx,i − sin2 θz,i therefore

corresponds to the change in a uniaxial sin2 θ anisotropy
term when the direction of interest (the magnetization
direction in this study) is switched between [100] and
[001]. Assuming additive contributions from individual
pairs and neglecting cross-pair interactions,

Yani(n) ≈
∑

i∈P(n)

Yi. (3)

In this study, Yani ∈ {EMCA, V, B}, where V and B
denote the van der Laan term and the Bruno term in
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the second-order SOC decomposition (Appendix A). Let
P(n) denote the set of all accepted interatomic pairs (Fe–
Fe or Fe–Si) in structure n that pass the class-dependent
angular and distance criteria in Table 1. Each i ∈ P(n)
is assigned to exactly one channel t. For each channel

t, we approximate K
(t)
Y (d) using a Gaussian radial-basis

function (RBF) expansion

K
(t)
Y (d) ≈

∑
µ∈Mt

w(t)
µ exp

[
− (d−µ)2

2σ2

]
, (4)

with Mt = {µ(t)
1 , . . . , µ

(t)
Nµ

} the set of Nµ uniformly

spaced centers in the channel-specific distance range

[d
(t)
min, d

(t)
max]. As (3) describes, summing (2) over pairs

in structure n yields a linear model in the weights w
(t)
µ

with features

X(t)
n,µ =

1

Nn

∑
i∈P(n)∩t

exp
[
− (dn,i−µ)2

2σ2

] [
sin2 θx,i− sin2 θz,i

]
,

(5)
and prediction

Y ML
ani (n) =

∑
t

∑
µ∈Mt

w(t)
µ X(t)

n,µ. (6)

Here Nn is the number of atoms in structure n. Dividing
by Nn renders the descriptor intensive and makes Y ML

ani

directly comparable to the DFT target averaged per atom
(eV/atom), allowing consistent use across supercell sizes
without the weights absorbing size factors.

(6) is fitted to Y DFT
ani using ridge regression [56] by min-

imizing the regularized least-squares loss

L(w) =
∑
n

(
Y DFT
ani (n)− Y ML

ani (n)
)2

+ α ∥w∥22, (7)

performed separately for each target EMCA, V and B,
yielding the target-specific anisotropy coefficient func-

tions K
(t)
Y (d), where w collects all coefficients w

(t)
µ across

channels and RBF centers. Before regression, all fea-

tures X
(t)
n,µ were standardized by their standard deviation

std(X
(t)
n,µ) only (without mean subtraction), i.e., X̃

(t)
n,µ =

X
(t)
n,µ/std(X

(t)
n,µ), and the ridge regression model was fit-

ted without an intercept term. By neither centering the
features nor fitting an intercept, this approach preserves
the physical condition Yani = 0 for cubic states (for
anisotropy differences such as EMCA and its perturba-
tive components) and avoids artificial offsets. We further
verified that the descriptor construction and model pre-
dictions satisfy the required symmetry relations under
[100] ↔ [001] exchange and mirror operations; details
are provided in Appendix B.

Unless stated otherwise, we use the baseline hyper-
parameters (Nµ, σ, α) =

(
20, 0.02 Å, 30

)
. To as-

sess hyperparameter sensitivity and to avoid relying on
a single-point choice, we performed targeted scans over
σ, α, and Nµ, summarized in Appendix C. This baseline

setting is selected from a stable region where (i) σ is small
enough to resolve strain-induced distance variations but
not so small as to over-amplify noise-like fluctuations,
(ii) Nµ provides adequate radial resolution, and (iii) the
ridge penalty α stabilizes coefficients without severe loss

of fidelity. The learned {w(t)
µ } reconstruct channel-wise

anisotropy coefficient curves K
(t)
Y (d), enabling length-

resolved attribution for Fe–Fe versus Fe–Si and for each
pair channel.

The present work restricts attention to 1NN–3NN pairs
in ordered Fe-rich Fe–Si; to quantify the practical im-
pact of this truncation, we provide additional neighbor-
shell ablation results in Appendix D. In formulation, the
descriptor construction can be extended to additional
chemical species by defining additional symmetry-aware
pair channels, and the neighbor range can be increased
beyond 3NN by enlarging the accepted pair set and the
corresponding distance windows.

2.3. The descriptors for global features (V , c/a):
random forest model

For tetragonally strained bcc-derived structures, the
global state can be directly parameterized by V and
c/a. These two macroscopic variables provide a low-
dimensional descriptor set that directly captures the
strain dependence of EMCA. In this study, the
global analysis is based on seven ordered 2×2×2 bcc
supercells representing Fe0.9375Si0.0625, Fe0.875Si0.125,
Fe0.8125Si0.1875, Fe0.75Si0.25, Fe0.75Ge0.25, Fe0.75Al0.25,
and Fe0.75Ga0.25.

To obtain a nonparametric representation within the
span of the training data, we employ a random for-
est (RF) regressor [57] implemented in scikit-learn [58],
trained on (V, c/a) together with a nominal composition
label comp ∈ {1, . . . , 7}, with all features standardized
by z-score transformation prior to fitting. The model
uses 300 decision trees, with no restriction on maximum
depth; splits require at least two samples, leaves at least
one, the number of features considered at each split fol-
lows the square-root heuristic, and bootstrap sampling is
applied.

It should be emphasized that no independent test set
is prepared for these global descriptors; the RF regres-
sion model functions purely as an in-sample interpolant
to capture systematic trends. Since the composition la-
bel merely indexes the seven systems without element-
specific information, this surrogate is not intended to
generalize to unseen compositions. We use the RF re-
gression as a baseline to benchmark the pair-based ridge
regression, which incorporates chemically and geometri-
cally resolved local features for broader applicability, as
introduced in Section 2.2.
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3. Results and discussion

As a prelude to the detailed results and as a quan-
tity used throughout this study, we define an effective
magnetoelastic coupling parameter EMCA/(c/a − 1), a
physically motivated measure that approximately cap-
tures the sensitivity of the MCA to tetragonal distor-
tion. While the conventional magnetoelastic coupling
coefficient bme for tetragonally strained cubic systems is
given by −bme = (2/3)V −1 dEMCA/dεz, its interpreta-
tion assumes a constant-volume constraint, under which
the uniaxial strain εz serves as a well-defined measure
of tetragonal distortion. However, in our study, the vol-
ume V is varied across a broad range, making εz inad-
equate to describe the system’s tetragonal geometry. In
contrast, the tetragonality c/a − 1 directly captures the
deviation from cubic symmetry independent of volume,
making it a more robust quantity for quantifying tetrago-
nal states. The relations between EMCA and (c/a−1) or
closely related descriptions and formulas, which quantify
the strain derivative of EMCA, have been used — explic-
itly or implicitly — as a practical proxy for magnetoe-
lastic coupling in various materials systems [20, 59–62].
For numerical stability, we exclude nearly cubic states
with |c/a − 1| ≤ 0.002 in this study. Accordingly, be-
sides EMCA/(c/a− 1), we also examine V/(c/a− 1) and
B/(c/a−1) to compare the tetragonally strain responses
on the same footing.

We first present the results of the pair-based ridge re-
gression model, which serves as the core framework of
this study (Section 3.1). For comparison and comple-
mentary insight, the results of the RF regression model
based on the global descriptors (V, c/a) are also examined
(Section 3.2). Finally, we relate the macroscopic trends
EMCA/(c/a−1)–V to the microscopic exchange splitting
∆εex to discuss their physical origin (Section 3.3).

3.1. Prediction and analysis for EMCA, V, and B
from the pair-based ridge regression

As introduced in Section 2.2, we trained the pair-based
ridge regression model of Eqs. (2)–(6) on 2×2×2 Fe–Si
supercells at four concentrations, using only atom pair
statistics as inputs, and evaluated its generalization on
the unseen 3×3×3 Fe0.889Si0.111 cell. We trained separate
ridge regression models for EMCA, V and B, using the
same input set and same hyperparameters.

Fig. 3(a) shows that the learned map EML
MCA reproduces

the overall DFT trends for the training set of 2×2×2
structures and yields consistent behavior for the held-out
3×3×3 Fe0.889Si0.111 test structures. Within the present
Fe-rich ordered Fe–Si scope, this indicates that local pair
statistics provide a useful and interpretable surrogate
for dominant strain-dependent trends, while the mod-
erate test R2 highlights the limitations of a strict pair-
additive approximation. The close agreement between
training and test root mean squared error (RMSE) val-

ues in Fig. 3 suggests the absence of severe overfitting
under the chosen hyperparameters, but it does not imply
that all SOC-driven many-body effects are captured. A
composition-wise Leave-One-Composition-Out (LOCO)
validation is summarized in Appendix E and further clar-
ifies the scope of generalization supported by the present
data. Fig. 3(b) and (c) report analogous illustrations for
V and B, respectively. Notably, the model achieves the
best predictive performance for V among the three tar-
gets, exhibiting close agreement with the DFT data. This
suggests that the local pair descriptors — constructed
solely from interatomic distances and orientation angles
up to the 3NN shell — capture a substantial part of the
strain-dependent anisotropic behavior of the intra-atomic
magnetic dipole moment within the adopted surrogate.
The presence of less-than-perfect R2

test in Figs. 3(a)–(c)
reflects the intrinsic challenge of predicting EMCA for un-
seen structures and strains, largely due to the simplifying
assumptions in (2) and (3), which neglect higher-order
pair-pair couplings and environment-dependent effects.
In preliminary tests, we extended the model with triplet
terms based on uxvx − uzvz, where u and v are unit
vectors along two neighboring pairs sharing a common
anchor atom, and ux, uz, vx, and vz are their directional
cosines with respect to the Cartesian x and z axes, to-
gether with an RBF expansion of the distance between
the two non-anchor atoms. This triplet augmentation did
not yield a clear improvement in held-out performance
and reduced the interpretability of the original pair-based
model. We therefore retain the present pair-based model
as the main interpretable surrogate in this work, while
leaving the role of three-body and higher-order terms for
future study, potentially through more effective descrip-
tors capable of capturing their subtler contributions.

The learned anisotropy coefficient functions are shown
in Figs. 4(a, c, e). For clarity, we use the 1NN-pair

channels as representative examples to interpret K
(t)
Y (d).

For K
(t)
MCA(d) [Fig. 4(a)], K

(Fe–Fe,111)
MCA (d) remains posi-

tive over most of its characteristic distance range, so
Fe–Fe111 pairs generally provide a positive contribu-
tion to EMCA/(c/a−1), whereas Fe–Si111 pairs generally

yield a negative contribution. For K
(t)
V (d) [Fig. 4(c)],

both Fe–Fe111 and Fe–Si111 channels are positive over
almost the entire pair-length windows, indicating that
1NN pairs contribute positively to V/((c/a) − 1). The

trends of K
(Fe–Fe,111)
B (d) and K

(Fe–Si,111)
B (d) [Fig. 4(e)]

are close to those of K
(t)
MCA(d), consistent with their sim-

ilar macroscopic behaviors. Analogous discussions can
be extended to the other channels by incorporating the
corresponding channel-specific geometry. Figs. 4(b,d,f),
constructed from the channel-resolved regression coeffi-
cients and averaged over all strained states for each com-
position, illustrates how different channels combine to
determine the strain response of these three targets. In
these averaged responses, the contributions from differ-
ent neighbor shells — 1NN (111), 2NN (100/001), and
3NN (110/101/011) — are of comparable magnitude.
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Fig. 3. Out-of-sample evaluation of the pair-based ridge regression model. (a) Predicted vs. true EMCA (meV/atom). (b)
Predicted vs. true van der Laan term V. (c) Predicted vs. true Bruno term B. Dots denote training data from 2×2×2 cells and
squares denote the unseen 3×3×3 Fe0.889Si0.111 cell used only for testing. All models are trained with standardized features;
the dashed line indicates the ideal reference. Quantitative performance metrics (R2 and RMSE) are included in the subplots.

An exception occurs for the Fe–Si110/101/011 channel in
Fe0.75Si0.25, where the absence of such Fe–Si pairs along
these directions leads to a vanishing contribution.

To verify the stability of these regression-based trends,
the learned anisotropy coefficients are further assessed
within the Bayesian interpretation of ridge regression.
Within a Bayesian formulation, we consider the linear
model Y DFT

ani = Y ML
ani + ε = Xw + ε, where X denotes

the design matrix constructed from the pair-resolved de-

scriptors and w collects all regression coefficients w
(t)
µ .

The residual term is then modeled as Gaussian, ε ∼
N (0, τ2I), which does not imply that the true residuals
strictly follow a Gaussian distribution, but rather pro-
vides a working assumption conditional on the adopted
linear pair-additive model, enabling a tractable quantifi-
cation of uncertainty. This assumption leads to the Gaus-
sian likelihood

p(Y DFT
ani | X,w) = N (Xw, τ2I). (8)

A zero-mean isotropic Gaussian prior is imposed on the
regression coefficients, p(w) = N (0, (τ2/α)I). Under
this formulation, the posterior distribution of the coef-
ficients is also Gaussian [63],

p(w | Y DFT
ani ,X) =

p(Y DFT
ani | X,w) p(w)

p(Y DFT
ani | X)

(9)

= N (wMAP, Σw) . (10)

with the posterior covariance given by

Σw = τ2
(
X⊤X+ αI

)−1
. (11)

With the choice of prior p(w) = N (0, (τ2/α)I), maxi-
mizing the posterior is exactly equivalent to solving the
ridge regression problem employed above. Accordingly,

the posterior mean wMAP exactly coincides with the so-
lution of standard ridge regression with regularization
parameter α. In practice, the noise variance τ2 is esti-
mated from the residuals of the fitted model and therefore
reflects intrinsic model mismatch and finite-data effects,
rather than numerical noise in the underlying DFT cal-
culations. This estimation is carried out for the ridge
regression with α = 30 used throughout this work, and
we perform this Bayesian ridge inference separately for
each target. Propagating the corresponding coefficient-
level uncertainties [(11)] through (4) yields the shaded

credible bands of K
(t)
Y (d) shown in Figs. 4(a, c, e), cor-

responding to a two–standard-deviation uncertainty. Al-
though the model does not yet perfectly reproduce the
anisotropy coefficients inferred from the underlying DFT
data, owing to residual uncertainty and model limita-
tions, these credible bands indicate that the dominant
trends and relative signs of the channels are captured
in a statistically robust manner under the assumed lin-
ear pair-additive model, without implying a complete er-
ror estimate including systematic effects from neglected
higher-order interactions.

To bridge the geometric parameters (V, c/a) with
the underlying atom-pair statistics, we perform the fol-
lowing idealized geometry analysis. In this analysis,
EMCA, V, and B are analytically reconstructed from

the learned anisotropy coefficient functions K
(t)
Y (d) for

a given (V, c/a). The volume V is defined per 1×1×1
bcc unit, and (a, c) are related to (V, c/a) through a =(

V
c/a

)1/3

and c =
(
(c/a)2V

)1/3
.

For each orientation channel t, we evaluate the cor-
responding bond length dt(a, c) and the angular factor
ft(a, c) ≡ (sin2 θx − sin2 θz)t, both determined purely by
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Fig. 4. Atom-pair-resolved contributions for three targets under tetragonal strain. (a, c, e) Learned anisotropy coefficient

functions K
(t)
MCA(d), K

(t)
V (d), and K

(t)
B (d) from ridge regression for EMCA, the van der Laan term V, and the Bruno term B, shown

for Fe–Fe and Fe–Si pairs in six symmetry-aware channels (see Section 2.2). Solid curves are evaluated from Eqs. (4)–(6) using
ridge regression coefficients restored to the original (unstandardized) feature scale. Shaded regions indicate posterior credible

bands of K
(t)
Y (d), corresponding to a two–standard-deviation uncertainty inferred from the Bayesian posterior distribution of the

regression coefficients. (b, d, f) Channel-resolved average contributions to ⟨EMCA/(c/a− 1)⟩, ⟨V/(c/a− 1)⟩, and ⟨B/(c/a− 1)⟩,
computed by averaging over all strained states for each composition. The first six bars decompose the contributions by
orientation channel, while the seventh (pink) bar shows the total model prediction (ridge fit without an intercept term). Black
dots denote the corresponding DFT averages for direct comparison. Bar-plot values are reported in meV for a 2×2×2 supercell
containing 16 atoms.

lattice geometry as

d111 = 1
2

√
2a2 + c2, f111 =

c2 − a2

2a2 + c2
,

d100 = a, f100 = −1,

d001 = c, f001 = 1,

d110 =
√
2 a, f110 = − 1

2 ,

d101 =
√
a2 + c2, f101 =

c2 − a2

a2 + c2
,

d011 =
√
a2 + c2, f011 =

c2

a2 + c2
.

(12)

Each channel thus provides an analytic feature pair
(dt, ft) that serves as the direct geometric input to the

learned kernels K
(t)
Y (d). For a given anisotropic target,

the reconstructed response is

Yani(V, c/a) =
∑
t

Nt K
(t)
Y

[
dt(a, c)

]
ft(a, c) (13)
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Fig. 5. Atom-pair-resolved contributions from the pair-based ridge regression model, evaluated using the idealized bcc-
geometry analysis described in (12) and (13). Each panel shows three stacked bands (top to bottom) for EMCA, the van der
Laan term V, and the Bruno term B. Panels (a)–(d) scan c/a at fixed V = Veq, whereas panels (e)–(h) scan V/Veq at fixed
c/a = 1.01. For each composition and target, the curves report Fe–Fe and Fe–Si contributions in the 111 (1NN), 100/001
(2NN), and 110/101/011 (3NN) channels, together with their sum (pink); the plotted total excludes the intercept for clarity.
Calculations are based on the 2×2×2 (16 atom) cells. For Fe1−xSix with x = 0.0625, 0.125, 0.1875, and 0.25, the corresponding
equilibrium volumes are Veq = 22.62, 22.36, 22.23, and 21.95 Å3 per 1×1×1 bcc unit.

where Nt are the multiplicities of each pair type and ori-
entation channel, taken from Table 2, which reflects the
actual number of equivalent pairs within a 2×2×2 super-
cell (16 atoms). The formulation enables a direct evalua-
tion of orientation-resolved anisotropy responses over the
broad range of tetragonal distortions (V, c/a) sampled in
this work.

Fig. 5 presents the results of the pair-based ridge re-
greesion model with the idealized atom pair simulations

described in (12) and (13). In this idealized simulation,
we used a broader Gaussian width of σ = 0.06 instead of
the training value σ = 0.02, in order to suppress minor

numerical oscillations of K
(t)
Y without modifying the un-

derlying model parameters. To connect the model analy-
sis with physically stable states, we calculate the equilib-
rium volumes Veq for the four compositions as those min-
imizing the DFT total energy at c/a=1. The values are
Veq=22.62, 22.36, 22.23, and 21.95 Å3 (per 1×1×1 bcc
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unit) for Fe0.9375Si0.0625, Fe0.875Si0.125, Fe0.8125Si0.1875,
and Fe0.75Si0.25, respectively. Figs. 5(a)–(d) show the
strain response at fixed Veq as c/a varies around unity,
while panels (e)–(h) show the response to volume vari-
ation at fixed c/a=1.01, with three stacked bands for
EMCA (top), V (middle), and B (bottom). In the EMCA

band, it is noteworthy that when c/a is kept constant,
EMCA exhibits a non-negligible variation with volume.
A pair-resolved analysis further shows that while the net
contribution from 1NN pairs is relatively insensitive to
volume, the individual 2NN and 3NN pair channels dis-
play a much stronger volume dependence and can even
undergo sign reversals. In particular, for the 6.25 at.%
Si composition, the sign of the total EMCA can even re-
verse as V changes. We further note that V tends to
increase with Si concentration, while B follows a trend
similar to the total EMCA. Although perturbative de-
composition suggests EMCA ≈ B+V, this approximation
becomes progressively less accurate as Si concentration
increases; for higher Si concentration, B + V can deviate
substantially from EMCA and may even have the wrong
sign.

In fact, the volume-dependent behavior mentioned
above is also captured by the RF regression model intro-
duced later and trained on the (V, c/a) descriptors (see
Fig. 6), suggesting that the pair-based ridge regression
captures a shared volume-related trend rather than rely-
ing on an incidental correlation. A more detailed com-
parison between ridge regression and RF regression as
the baseline test results is provided in Appendix F.

The anisotropy coefficients for atom pairsK
(t)
Y (d) serve

as physically meaningful strain-response functions whose
signs and slopes directly reflect the anisotropic target re-
sponses. From a design perspective, the overall strain
dependence of EMCA can be tuned by considering the
contributions of individual atom-pair channels: by ana-
lyzing which channels dominate at operative pair lengths
and how they respond to strain, one can adjust atomic
positions, substitute chemical species, or modify the equi-
librium volume so as to selectively amplify or attenu-
ate particular channel responses, thereby rebalancing the
overall magnetoelastic responses.

3.2. RF regression with global (V, c/a) descriptors

As a complementary reference to the pair-based ridge
framework, we constructed an RF regression model
based solely on the global descriptors (V, c/a) to cap-
ture the overall volume and strain dependence of EMCA

across multiple Fe–X alloys. The RF response sur-
face was trained to serve as an in-sample interpolant
using the DFT data of Fe0.9375Si0.0625, Fe0.875Si0.125,
Fe0.8125Si0.1875, Fe0.75Si0.25, Fe0.75Ge0.25, Fe0.75Al0.25
and Fe0.75Ga0.25, with a nominal composition index (1–
7) that distinguishes these alloy types.

Fig. 6(a) presents the fitted versus true values for all ∼
7×200 configurations, yielding an R2 score of 0.96, which
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Fig. 6. Results of RF regression using the (V, c/a) descrip-
tors. (a) In-sample performance of the RF surrogate trained
on (V, c/a, composition index); each point corresponds to one
configuration. The dashed diagonal indicates the ideal rela-
tion. The fit yields an R2 of 0.96. (b) Composition-resolved
EMCA/(c/a− 1) versus volume. For numerical stability, only
states with |c/a − 1| > 0.002 are used. For each composi-
tion, the curve is obtained by predicting EMCA on a V grid
and then computing EMCA/(c/a− 1), averaged over a strain
window |c/a−1| ∈ [0.002, 0.03]. Dashed vertical lines indicate
each composition’s equilibrium volume. Here, V is given per
conventional 1×1×1 bcc unit.

indicates a high degree of predictive accuracy and a close
agreement between the surrogate model and the DFT
reference data. As shown in Fig. 6(b), EMCA/(c/a−1)
exhibits a pronounced dependence on V across all seven
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alloys, and the detailed EMCA/(c/a−1)–V relations differ
markedly among some compositions. As a result, the RF
regression model based solely on global geometric param-
eters (V , c/a) lacks generalization across different alloys.
This limitation directly motivated the development of the
pair-based ridge framework discussed in earlier sections.
Although the RF regression lacks the ability to predict
unseen compositions, it still can serve as a useful base-
line to examine whether the pair-based ridge regression
can reproduce the composition- and volume-dependent
behavior of EMCA. A quantitative comparison (base-
line test) between these two approaches, namely the local
pair-based ridge regression and the global RF regression,
is presented in Appendix F.

We further examine the composition-dependent trends
in Fig. 6(b). Within the Fe–Si series, increasing Si con-
centration systematically shifts the equilibrium volume
Veq to smaller values and simultaneously reshapes the
overall EMCA/(c/a−1)–V branch, leading to a gradual
evolution and even sign reversal of the magnetoelastic
response. On the other hand, a useful comparison arises
when considering the four neighboring elements Si, Ge,
Ga, and Al, which occupy adjacent positions in the peri-
odic table and form the Fe-based D03 compounds. D03
Fe0.75Ge0.25 traces a nearly identical EMCA/(c/a−1)–V
curve to D03 Fe0.75Si0.25 but at a larger equilibrium vol-
ume. This indicates that the stronger magnetoelastic
response in Fe0.75Ge0.25 primarily originates from the
larger atomic size of Ge, which expands the equilibrium
volume. D03 Fe0.75Ga0.25 and Fe0.75Al0.25 exhibit a dis-
tinctly different trend of EMCA/(c/a−1)–V , indicating
that chemistry-specific effects beyond a simple volume
scaling become significant in these two systems.

3.3. Exchange splitting linking volume and MCA

To connect the volume dependence to a microscopic
quantity, we analyze the average exchange splitting of
the Fe d states,

∆εex ≡ ⟨ε↓⟩ − ⟨ε↑⟩,

extracted from DFT calculations for each strained struc-
ture. Fig. 7(a) shows that ∆εex increases almost linearly
with V for all compositions, indicating that lattice ex-
pansion generally enhances exchange splitting by reduc-
ing interatomic hybridization of 3d states. In contrast,
Fig. 7(b) reveals a more intricate, composition-dependent
relation between EMCA/(c/a−1) and ∆εex, which is non-
linear and exhibits more distinct curvature among dif-
ferent alloys. In both panels, only configurations with
|c/a−1| > 0.002 are included to avoid numerical instabil-
ities near the cubic limit.

In the perturbative analysis (Appendix A), for exam-
ple, the spin-flip contribution contains an explicit fac-
tor ξ2/∆εex (with ξ the spin–orbit strength), so changes
in ∆εex directly modulate that part. In addition, shifts
in ∆εex are accompanied by changes in orbital-moment
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Fig. 7. Volume-dependent exchange splitting and its corre-
lation with EMCA/(c/a − 1). (a) Average Fe 3d exchange
splitting ∆εex = ⟨ε↓⟩ − ⟨ε↑⟩ versus volume for seven com-
positions. Volume V is given per conventional 1×1×1 bcc
unit. (b) Correlation between EMCA/(c/a− 1) and ∆εex. In
both panels, only configurations with |c/a − 1| > 0.002 are
retained to avoid the numerical instability of the scaled quan-
tity at c/a≈1.

anisotropy and the intra-atomic magnetic dipole, reflect-
ing the sensitivity of spin–orbit mixing and band occu-
pancies, which also shape the MCA. More generally, as
volume changes, the accompanying variation in exchange
splitting reweights the relative contributions of the spin-
conserving and spin-flip channels, giving rise to a non-
trivial volume dependence of the MCA.
Examining Fe0.75Si0.25, Fe0.75Ge0.25, Fe0.75Ga0.25, and
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Fe0.75Al0.25 together allows us to investigate how closely
related chemical species lead to the different magne-
toelastic responses. For Fe0.75Si0.25 and Fe0.75Ge0.25,
the ∆εex–V relations shown in Fig. 7(a) are almost in-
distinguishable, and the EMCA/(c/a−1)–∆εex trends in
Fig. 7(b) also coincide closely. Because both dependen-
cies are highly similar, the resulting EMCA/(c/a−1)–V
curves essentially overlap (see Fig. 6). This consistency
indicates that the stronger magnetoelastic response of
Fe0.75Ge0.25 compared with Fe0.75Si0.25 mainly reflects
its larger equilibrium volume due to the larger atomic
size of Ge, rather than any intrinsic chemical contrast
with Si. For Fe0.75Al0.25 and Fe0.75Ga0.25, their ∆εex–V
relations and EMCA/(c/a−1)–∆εex dependencies exhibit
noticeable offsets, which lead to a more pronounced sep-
aration in EMCA/(c/a−1) across the examined volume
range. This observation shows that, unlike the Si–Ge
case, both volume effects and intrinsic chemical differ-
ences play important roles in shaping the magnetoelas-
tic responses of Fe0.75Ga0.25 and Fe0.75Al0.25. Taken to-
gether with the preceding atom pair analysis, this high-
lights that variations in interatomic distances — and the
resulting modifications of exchange splitting — play a
central role in tailoring the MCA in strained Fe-based
alloys.

4. Conclusion

We introduced a compact, atom-pair-centric DFT–ML
framework for analyzing the strain dependence of EMCA

and its perturbative components V and B in Fe-rich or-
dered Fe–Si and related Fe–X systems. A linear pair-
based ridge model trained on species- and orientation-
resolved pair statistics from 2×2×2 Fe–Si cells yields

smooth anisotropy coefficient functions K
(t)
Y (d) for each

target and atom-pair channel and reproduces the main
DFT trends. A held-out 3×3×3 Fe0.889Si0.111 super-
cell is used as a direct size/composition generalization
check. These coefficient functions enable distance- and
orientation-resolved attribution, clarifying how compo-
sition and strain act through pair multiplicities and
local coordination geometry within the adopted pair-
additive surrogate. The framework suggests practical
design levers such as tuning equilibrium volume through
alloying and engineering local coordination to rebalance
competing channels. At the same time, we emphasize
that MCA originates from SOC-driven many-body elec-
tronic effects, and the present model should be viewed as
an interpretable surrogate rather than a complete micro-
scopic description.

In addition, an RF regressor trained only on global de-
scriptors (V, c/a) serves as an in-sample baseline within
each composition. Its lack of generalization across dif-
ferent alloys highlights the value of the chemically and
geometrically resolved pair-based ridge model for cross-
composition modeling within the present scope. In addi-
tion to exploring various (V, c/a) states for Fe–Si alloys,

we further extended our analysis to several D03-ordered
Fe0.75X0.25 systems (X =Ge, Al, Ga). Notably, the com-
parison between Fe0.75Si0.25 and Fe0.75Ge0.25 highlights
this point: although Si and Ge are chemically similar and
yield nearly overlapping EMCA/(c/a−1)–V curves, their
equilibrium volumes differ. Consequently, the stronger
magnetoelastic response of Fe0.75Ge0.25 can be traced pri-
marily to its larger equilibrium volume rather than to in-
trinsic chemical differences. By contrast, for Fe0.75Al0.25
and Fe0.75Ga0.25, the different magnetoelastic responses
arise not only from volume effects but also from intrinsic
chemical differences among Al, Ga, and Si.
Overall, our results show that compact regression

models based on either global macroscopic descriptors
(V, c/a) or local atom–pair statistics can capture strain-
dependent trends in EMCA for tetragonally strained bcc
Fe-rich binaries within the present dataset. In partic-
ular, the pair-based ridge regression provides an inter-
pretable decomposition into distance- and orientation-
resolved pair channels, while the global-descriptor RF
model offers a complementary in-sample baseline. Pre-
liminary tests with the simple triplet descriptors did not
provide a significant improvement over the present pair-
based model. Future work should therefore explore more
advanced higher-order descriptors and surrogate models
with broader generalization. We also emphasize that
interatomic-distance variations and the accompanying
changes in exchange splitting are key to the design of
materials with tailored MCA.
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Appendix A: Second-order perturbative expression
of EMCA

The one-electron SOC operator is

ĤSOC = ξ(r) L̂ · Ŝ = ξ(r)
(
L̂zŜz +

1
2 (L̂+Ŝ− + L̂−Ŝ+)

)
,

(A1)

with L̂± = L̂x ± iL̂y and Ŝ± = Ŝx ± iŜy. Using eigen-
states obtained without the SOC (unperturbed states),

{|ϕ(0)
p ⟩} and eigenvalues {ϵ(0)p }, the second-order correc-

tion is given by

E
(2)
SOC =

∑
p∈occ

∑
q∈unocc

∣∣∣⟨ϕ(0)
q |ĤSOC|ϕ(0)

p ⟩
∣∣∣2

ϵ
(0)
p − ϵ

(0)
q

. (A2)

The magnetocrystalline anisotropy is the difference

E
(2)
MCA = E

(2)
SOC([100])− E

(2)
SOC([001]). (A3)

We write the result in an atomic orbital basis for sites I
(I ′) with on-site SOC constants ξI (ξI′) as follows [15],

E
(2)
MCA = E↑↑

MCA + E↓↓
MCA + E↑↓

MCA + E↓↑
MCA (A4)

=
1

4

∑
I,I′

ξIξI′

∑
ℓℓ′κκ′

{
G↑↑

II′ +G↓↓
II′ −

(
G↑↓

II′ +G↓↑
II′

)}
×
[
⟨ℓ|L̂z|ℓ′⟩⟨κ′|L̂z|κ⟩ − ⟨ℓ|L̂x|ℓ′⟩⟨κ′|L̂x|κ⟩

]
,

(A5)

where we adopt ξFe = 0.063 eV for Fe sites [20], ↑/↓
are used as superscripts to denote the coupling between
the spin states, the first arrow denotes the spin of the
occupied state and the second the spin of the unoccupied
state, so that four channels appear. The band-structure
kernel built from unperturbed states is

Gss′

II′(ℓℓ′;κ′κ) =
∑
p∈occ

∑
q∈unocc

c
(p)∗
I,ℓ,s c

(p)
I′,ℓ′,s c

(q)∗
I′,κ′,s′ c

(q)
I,κ,s′

ϵ
(0)
ps − ϵ

(0)
qs′

.

(A6)
Here p (q) labels an occupied (unoccupied) state, ℓ (ℓ′)
and κ (κ′) denote atomic-orbital indices, and s (s′) is the
spin index with s, s′ ∈ {↑, ↓}.
Starting from (A5), two widely used approximation

forms are obtained. (i) Bruno term (denoted as B): de-
fine the orbital-moment anisotropy on site I as

∆mI
orb ≡ mI

orb([100])−mI
orb([001]) = ⟨L̂x⟩I − ⟨L̂z⟩I .

(A7)
One obtains Bruno’s relation [14, 15, 20]:

E↓↓
MCA ≈ B = − 1

4µB

∑
I

ξI ∆mI
orb, (A8)

which could become dominant in some typical ferromag-
nets, allowing the contributions of ↑↑, ↑↓, and ↓↑ channels
to be slight. (ii) van der Laan term (denoted as V): con-
sidering the spin-flip term ↑↓ of (A5), one assumes a con-

stant average exchange splitting ϵ
(0)
p↓ −ϵ

(0)
q↑ ≈∆εex and fur-

ther approximates the occupied majority-spin subspace
as complete,

∑occ
p |p ↑⟩⟨p ↑ | ≈ 1, then one finds the rela-

tion between E↑↓
MCA and the intra-atomic magnetic dipole

(related to spin-density quadrupole) moment [15, 16, 20]:

E↑↓
MCA ≈ V =

21

8µB

∑
I

ξ2I
∆εex

mI
T, (A9)

here

mI
T ≡ −

〈
Q̂zz Ŝz

〉
I

µB

ℏ
, (A10a)

Q̂zz ≡ 2

21

(
3L̂ 2

z − L̂ 2
)
. (A10b)

Under the validity of the above approximations involved,

ignoring E↑↑
MCA and E↓↑

MCA yields

EMCA ≈ B + V. (A11)

Nevertheless, these approximations are not universally
reliable and may break down in certain materials.

Appendix B: Symmetry-consistency checks

We verified the two symmetry constraints built into the
model. For each structure, we apply the symmetry op-
erations to the bond-level angular information, rebuild
the transformed descriptor vectors Xswap and Xmirror,
and then re-evaluate them with the same trained model
to obtain the corresponding predictions Ŷani,swap and

Ŷani,mirror from the original prediction vector Ŷani. In
practice, this means that the pair distances and pair-
channel assignments are kept fixed, while the angular
factor sin2 θx − sin2 θz is rebuilt after the corresponding
coordinate transformation. No coefficients are refitted in
this test: the transformed descriptors are passed through
the deployed model exactly as in the original evaluation.
The check therefore probes whether the descriptor def-
inition itself and the trained linear mapping are jointly
consistent with the required symmetry operations, rather
than whether a separately retrained model could recover
the same behavior. Both the training structures and the
held-out 3×3×3 test structures are included in this veri-
fication.
For [100] ↔ [001] exchange, the anisotropy target is

odd, so the expected relation is Ŷani,swap = −Ŷani. At
descriptor level this gives

∆Xswap = Xswap +X = 0, (B1)

∆Ŷani,swap = Ŷani,swap + Ŷani = 0. (B2)
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Fig. 8. Symmetry-consistency checks for the deployed pair-
based ridge model. (a) [100] ↔ [001] exchange, with ex-

pected Ŷani,swap = −Ŷani. (b) mirror-x, with expected

Ŷani,mirror = Ŷani. The strict criteria are ∆Xswap =

∆Xmirror = ∆Ŷani,swap = ∆Ŷani,mirror = 0, which are sat-
isfied within numerical precision.

For mirror-x, the anisotropy target is even, so the ex-
pected relation is Ŷani,mirror = Ŷani, giving

∆Xmirror = Xmirror −X = 0, (B3)

∆Ŷani,mirror = Ŷani,mirror − Ŷani = 0. (B4)

Numerically, both operations satisfy the strict criteria
above for all training and held-out structures within re-
ported precision. As shown in Fig. 8, the transformed
predictions fall exactly on the expected odd and even
symmetry lines.

Appendix C: Hyperparameter robustness

To visualize sensitivity to descriptor resolution and
regularization, we scanned the RBF width σ, ridge
penalty α, and number of centers Nµ around the base-
line setting. Fig. 9 summarizes the resulting test RMSE.
Panel (a) varies σ and α at fixed Nµ = 20, while panel (b)
varies Nµ at σ = 0.02 and 0.05 over the same range of α.

The baseline setting (Nµ, σ, α) = (20, 0.02 Å, 30) lies in a
stable low-error region rather than at an isolated sharp
optimum. In particular, smaller σ values can sharpen
the apparent in-sample fit, but they also make the result
more sensitive to regularization and to noise-like fluctua-
tions. These trends support the use of the baseline hyper-
parameters as a balanced working point for the present
dataset. The scan also clarifies the distinct roles of the
three hyperparameters. The width σ controls how locally
the descriptor resolves strain-induced bond-length shifts,
the ridge penalty α suppresses unstable coefficient varia-
tions, and Nµ sets the radial resolution of the coefficient
curves. Panel (a) shows that the smallest σ values are
not uniformly preferable: they can reduce the train er-
ror, but only at the cost of stronger sensitivity to α and a
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(b) Center-count scan at σ = 0.02 and 0.05
Curves: (σ, Nμ)
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Fig. 9. Hyperparameter robustness as a trade-off map for
the pair-based ridge model. (a) Kernel-width scan over (σ, α)
at fixed Nµ = 20. (b) Center-count scan over Nµ at σ =
0.02 and 0.05. Point labels indicate the ridge regularization
strength. The baseline setting (Nµ, σ, α) = (20, 0.02 Å, 30)
lies in a stable low-error region rather than at an isolated
sharp optimum.

narrower stable region. Panel (b) indicates that the gain
of increasing Nµ beyond the baseline is modest.

Appendix D: Neighbor-shell ablation

To test the descriptor truncation level, we com-
pared three pair sets: 1NN only, 1NN+2NN, and
1NN+2NN+3NN. For each truncation level, the model
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Fig. 10. Neighbor-shell ablation for the pair-based ridge
model. (a) Train/test RMSE and R2 versus shell range. (b)–
(d) Predicted-versus-true results for 1NN, 1NN+2NN, and
1NN+2NN+3NN.

was trained on the same 2×2×2 compositions and evalu-
ated on the same held-out 3×3×3 Fe0.889Si0.111 set, using
identical ridge regularization. The descriptor dimension-
ality increases from 40 to 80 to 120 features.

The trend in Fig. 10 is systematic. From 1NN to
1NN+2NN+3NN, the train RMSE decreases from 0.016
to 0.013 to 0.0071 meV/atom, the test RMSE decreases
from 0.013 to 0.011 to 0.010 meV/atom, and the test R2

improves from 0.24 to 0.45 to 0.51. Within the present
Fe-rich ordered Fe–Si dataset, including pairs up to 3NN
therefore yields a clear gain and nearly saturates the
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Fig. 11. LOCO validation, where each composition is ex-
cluded in turn from training and used as the test composi-
tion. Heat maps show the test R2 values for EMCA, V, and
B. (a) The evaluation with σfit = σeval = 0.02. (b) Cross-σ
evaluation with σfit = 0.02 and a broader evaluation kernel,
σeval = 0.06. Columns correspond to the held-out composi-
tions, and rows correspond to the target quantities. The cell
colors and overlaid numbers indicate the corresponding test
R2 values.

present model class.

Appendix E: Composition-wise
Leave-One-Composition-Out validation

To probe composition-wise generalization beyond the
single held-out 3×3×3 test cell, we performed LOCO val-
idation across the four 2×2×2 Fe–Si compositions and
also report the external-cell evaluation. Fig. 11 summa-
rizes the target-wise test R2 values for EMCA, V, and B.
Panel (a) uses the standard setting σfit = σeval = 0.02,
whereas panel (b) uses a cross-σ evaluation with σfit =
0.02 and σeval = 0.06. The cross-σ protocol improves or
stabilizes the held-out behavior for most folds and tar-
gets, consistent with the interpretation that a slightly
broader evaluation kernel suppresses noise-sensitive vari-
ations while retaining the fitted pair-level trends.
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Fig. 12. Comparison between the pair-based ridge model
(solid) and RF model (dashed) for four Fe–Si compositions.
Vertical dotted lines mark the equilibrium volumes Veq.

Appendix F: Comparison between ridge and RF
regression models

We further compared the pair-based ridge model with
an RF model trained on the same Fe–Si dataset. The
ridge model encodes the V and c/a dependence through
the idealized bcc geometry of (12) and (13) together
with the pair summation of (2) and (3), whereas the
RF model uses V and c/a directly as global inputs.
Both models were evaluated on a uniform (V, c/a) grid,
and ⟨EMCA/(c/a−1)⟩ was averaged over |c/a−1| ∈
[0.002, 0.03]. Fig. 12 compares the resulting curves for
four Fe–Si compositions. The ridge model reproduces
the overall magnitude, sign evolution, and composition
dependence captured by the RF model, while deviations
emerge far from equilibrium volumes, where the addi-
tivity approximation and the coarse orientation-channel
treatment become less accurate. This comparison sup-
ports the physical relevance of the pair-based description
while clarifying its present limitations.

Data availability

The data and code used in this study
can be found at the ISSP repository via
following link. https://isspns-gitlab.
issp.u-tokyo.ac.jp/shangwenchuang/
pair-based-ridge-regression-model

https://isspns-gitlab.issp.u-tokyo.ac.jp/shangwenchuang/pair-based-ridge-regression-model
https://isspns-gitlab.issp.u-tokyo.ac.jp/shangwenchuang/pair-based-ridge-regression-model
https://isspns-gitlab.issp.u-tokyo.ac.jp/shangwenchuang/pair-based-ridge-regression-model
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